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CR invariants of weight five in the Bergman kernel
( ) ( ) ( )
(K. Hirachi, G. Komatsu, and N. Nakazawa)
1.
$\Omega$ Bergman $K^{B}$ , $\Omega$ $L^{2}$ Hilbert
$\{h_{j}\}_{j}$ $K^{B}(z)= \sum|h_{j}(z)|^{2}$ . $C^{\infty}$
$\Omega\subset C^{2}$ , Bergman
.
$\Omega$ $r\in C^{\infty}(\overline{\Omega}),$ $r>0$ , , Bergman
(1.1) $\frac{\pi^{2}}{2}K^{B}(z)=\frac{\varphi^{B}(z)}{r(z)^{3}}+\psi^{B}(z)\log r(z)$ near $\partial\Omega$
(Fefferman [Fll) . ’, $\psi^{B}$ $C^{\infty}$
, $\varphi^{B}|_{\partial\Omega}=J[r]_{\partial\Omega}>0$ . $J[r]$ Levi
$J[r]=\det(\begin{array}{ll}r \partial r\emptyset\overline{z_{k}}\partial r/\partial z_{j} \partial^{2_{\gamma}}/\partial z_{j}\partial\overline{z_{k}}\end{array})$
. ’, $\psi^{B}$ $r$ . ,
$\varphi^{B}mod O(r^{3})$ $\Psi^{B}m\alpha 1O(r^{\infty})$ , .
$J[’ F]=1+D(r^{3})$
$r=r^{F}$ (Fefferman [F21 )
$\varphi^{B}=1+O(r^{3})$ (Graham [Gll) . , $\psi^{B}mod O(r^{2})$ [G1]
[HKNI] . $mod O(r^{3})$





Fefferman $r^{F}\in C^{\infty}(\overline{\Omega})$ Monge-Amp\‘ere




(Cheng-Yau [CY]) . ,
:
$u^{MA}\in C^{\infty}(\Omega)\cap C^{4-\epsilon}(\overline{\Omega})$ for any $\epsilon>0_{-}$
$\Omega$ $r\in C^{\infty}(\overline{\Omega})$ , (Lee-
Melrose [LM]) .
$u^{MA}(z)-r(z) \sum_{k=0}^{\infty}\eta_{/}(z)\{r(z)^{3}\log r(z)\}^{k}$ , $\eta_{j}\in C^{\infty}(\overline{\Omega})$ .
Graham [G21 , (2.1) , $C^{\infty}$ $r^{F}$
$u^{G}(z) \sim r^{\Gamma}(z)\sum_{k=0}^{\infty}\eta_{j^{G}}(z)\{r^{F}(z)^{3}\log r^{F}(z)\}^{k}$ , $\eta_{j^{G}}\in C^{\infty}(\Omega)-$ .




. $u^{G}$ , $a$ $m\alpha 1O(r^{\infty})$ .
$u^{G}$ ( ) $r^{G}$ .
(22) $r^{G}=r^{F}\eta_{0}^{G}$ .




$\Phi:\Omegaarrow\overline{\Omega}$ , $\Omega,\overline{\Omega}$ Bergman
$K_{\Omega}^{B},$ $K \frac{B}{\Omega}$
$K_{\Omega}^{B}(z)=| \det\Phi(z)|^{2}K\frac{B}{\Omega}(qz))$





, $F$ $w$ . $K^{B},$ $u^{MA}$
$3,$ $-1$ .
(3.1) , . (
$F_{\Omega},$ $F_{\overline{\Omega}}$ . ) , $*$
;
$F_{\Omega}(z)=|\det\Phi(z)|^{2w/3}F_{\overline{\Omega}}(qz))$ mod $o(r^{m})$
, $F$ $O(r^{m})$ $w$ .
(2.1) $C^{\infty}$ $r^{F}$ I , $O(\mu)$ 1 .
, $u^{G}$ $O(r^{\infty})$ 1 .
, $u^{G}$ $\eta_{k}^{G}$ , $O(r^{3})$ $3k$
.
, F=F\partial \Omega









\Omega , , \Omega
.
$z=(z_{1}, z_{2})\in C^{2},$ $z_{2}=u+iv$ ,
, . , $\Omega$
$2u>|z_{1}|^{2}+F(z_{1}, \overline{z_{1}}, v)$
. $F$ Taylor :
$F(z_{1},z_{1}-, v)=$ $\sum$ $A_{p\overline{q}}(v)z_{1^{p}}\overline{z_{1^{q}}}$ ,
$A_{p\overline{q}}(v)^{p}= \sum_{l\geq 0}^{q\geq 2}A_{p\overline{q}^{\mathcal{V}^{l}}}^{l}$ .
$A_{p\overline{q}}^{l}$ $p,$ $q$ .
$A_{2\overline{2}}(v)=A_{32}^{-}(v)=A_{3\overline{3}}(v)=0$
$\partial\Omega$ ( $F$ ) Moser .
Moser , (
, \Omega . ) , CR
$<$
$A_{F\overline{q}}^{l}$ , .
$w$ CR $J_{w}^{CR}$ .
$I_{0}^{CR}=R$ . $1\leq w\leq 5$ $I_{w}^{CR}$ .
1 ([G1], [HKN2]) . $I_{1}^{CR}=I_{2}^{CR}=\{0\},$ $\dim I_{3}^{CR}=\dim I_{4}^{CR}=$ l, dim I5CR=2
. $I_{3}^{CR},$ $I_{4}^{CR}$ $A_{44}^{0_{-}},$ $|A_{2}^{0}\theta^{2}$ . , $I_{5}^{CR}$
29
.
$F(a, b, c, d)=a{\rm Im}(A_{2\overline{4}}^{0}A_{4\overline{2}}^{1})+b{\rm Re}(A_{2\overline{4}}^{0}A_{5\overline{3}}^{0})+c|A_{3\overline{4}}^{0}|^{2}+d|A_{2\overline{5}}^{0}|^{2}$ .
$c=a+24b,$ $d=a+24b$ .
1 , $w<5$ Graham [Gll . ([Gll
$I_{5}^{CR}$ . ,
. )




Graham $([G1])$ . $r=r^{F}$ (1.1)
(42) $\varphi^{B}=1+O(r^{3})$
(43) $\psi^{B}=-3\eta_{1}^{G}+k^{B}|A_{24}^{0_{-}}|^{2}r+O(r^{2})$
. $k^{B}$ $\Omega$ .
$k^{B}$ , [HKNI; Remark 1] : $k^{B}= \frac{24}{5}$.
, $\psi^{B}mod O(r^{2})$ .
$\psi^{B}mod O(r^{3})$ , .
1. $o(r^{2})$ 4 $W_{4}$ , $k^{B}|A_{24}^{0_{-}}|^{2}$
.
2. $\Psi^{B_{+3\eta_{1}^{G}-W_{4}}}$ 5 CR ,
.
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1, 2 , (4.2) (4.3)
. )
Graham . H\"ormander [$H$ ; Theorem 3.5.1]
$\varphi^{B}=1+O(r)$ . ( . ) ,
$P_{1}$
$\varphi^{B}=1+P_{\Gamma}r+O(r^{2}),$ $r=F$
. , Bergman $K^{B}$ 3 , $r=r^{F}$ $O(r^{4})$
1- , $\varphi^{B}$ $O(r^{3})$ $0$
. , $P_{1}$ 1 CR .
(1.1) ( Boutet de Monvel-Sj\"ostrand [BS] )
, $P_{1}$ Moser .
$P_{1}\in I_{1}^{CR}$ , 1 $P_{1}=0$ .
$\varphi^{B}=1+P_{2}r^{2}+O(r^{3})$
$P_{2}$ , $P_{2}=0$
. ( $P_{2}$ Moser .
, . ) (4.2) .
(4.3) , $\Psi^{B}$ $O(r^{\infty})$ 3
. , $V^{i^{\beta}}$ 3
CR . 1 (4.1)
$\psi^{B}=k_{3}^{B}\eta_{1}^{G}+O(r)$, $k_{3}^{B}$ ,
. , $\Psi^{B}$ : $k_{3}^{B}=-3$ .
, $\psi^{B}+3\eta_{1}^{G}$ $O(r^{2})$ 3 . $\tau$
$P_{4}$
$\psi^{B}+3\eta_{1}^{G}=P_{4}r+O(r^{2})$
, $P_{4}$ 4 CR . ( $P_{4}$ Moser
. , $\psi^{B},$ $\eta_{1}^{G},$ $r^{F}$ Moser
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cf. [HKNI]) . 1 (4.3) .
, 1, 2 . 1
, 2 ( ) . ,
(2.1) $C^{\infty}$
( , . )
, $W_{4}$ 4 Weyl (
) . Weyl , $\Omega$ , $\varphi^{B}$
(Fefferman [F3]) .
5. 4 $eyl$
$\Omega$ , $\Omega$ $V$
\langle . $C^{*}=C\backslash \{0\}$ , $C^{*}\cross V$ $Lorentz- K\ddot{a}hler$ $g$ , $K\ddot{a}$hler
\partial 5 $(|z_{0}|^{2/3}r^{G}(z))$, $(z_{0}, z)\in C^{*}\cross V$ ,




trace , $g$ . $\omega$
$oXz_{0},$ $z$) $=|z_{0}|^{-2w/3}W(z)$
, $W$ Weyl , $w$
$\iota’a_{-}$ . $w\leq 5$ , $W=W_{\Omega}$ $O(r^{6-w})$
. $W=W_{\Omega}$ $O(r^{6-w})$ . $w$ Weyl
$I_{w}^{W}$ . $I_{0}^{W}=R$ ,
$1\leq w\leq 5$ .
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2 $([HKN2])$ . $I_{1}^{W}=I_{2}^{W}=\{0\}$ , $\dim I_{3}^{W}=1,$ $\dim I_{4}^{W}=\dim I_{5}^{W}=2$ .
$I_{3}^{W}$
$\Delta^{2}S$ . $S$ , $\Delta$ $g$
. $I_{4}^{W}$ $|\nabla\nabla-R|^{2}$ $|\nabla^{2}R|^{2}$ , $I_{5}^{W}$ $|\nabla^{3}R|^{2}$ $|\nabla^{2}\nabla-R|^{2}$
.





$| \nabla^{2}\overline{\nabla}R|^{2}=-4(5!)^{2}F(-\frac{37}{15},10, \frac{57}{5}, \frac{4}{3})$
. $F(a,$ $b,$ $c$ , 1 .
, 1 . 2 ,
.
$([HKN2])$ . $r=$ (1.1) ,
$\psi^{B}=-3\eta_{1}^{G}+\frac{1}{160}|\nabla\nabla-R|^{2_{\gamma+}}(a|\nabla^{3}R|^{2}+b|\nabla^{2}\nabla-R|^{2})_{\Gamma}2+O(r^{3})$
. $a,$ $b$ . (
) . 3 CR
$\eta_{1}^{G}$ , Weyl $\Delta^{2}S$ .
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